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Abstract
The massive Schwinger model may be analysed by a perturbation expansion in the
fermion mass. However, the results of this mass perturbation theory are sensible only
for suciently small fermion mass. By performing a renormal-ordering, we arrive at a
chiral perturbation expansion where the expansion parameter remains small even for large
fermion mass. We use this renormal-ordered chiral perturbation theory for a computation
of the Schwinger mass and compare our results with lattice computations.
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11 Introduction
The Schwinger model [?, ?], or two-dimensional QED with one fermion flavour, is one of
the most widely studied quantum eld theoretic models. It has the attractive feature of
being rather simple, while, nevertheless, it has many properties similar to those of more
complicated gauge theories. Among them are the chiral anomaly [?]{[?], the formation
of a chiral condensate and the non-trivial vacuum structure (-vacuum) [?, ?], [?]{[?].
In addition, the fundamental fermion is conned, and only mesonic states occur in the
physical particle spectrum [?, ?].
The Lagrangian density of the model is





When the fermion is massless (m = 0), the model may be solved exactly, and it turns
out to be equivalent to the theory of one free, massive boson eld (\Schwinger boson")
with Schwinger mass  = e=
p
.
For the massive (m 6= 0) Schwinger model, the Schwinger boson turns into an in-
teracting particle, and its mass acquires corrections. The investigation of the massive
Schwinger model started more than 20 years ago with a series of now classical papers [?]{
[?] and has continued since then (see [?, ?] for a review). Quite recently, the corrections
to the Schwinger mass, as well as the formation of higher bound states and the chiral
condensate in the massive Schwinger model, have been studied by a variety of methods.
Among these methods are mass perturbation theory [?]{[?], light-front quantization [?]{
[?], lattice computations [?]{[?], and a generalized Hartree-Fock approach [?]{[?]. The
multi-flavour case has been discussed, e.g., by [?]{[?].
In this article we want to compute the Schwinger mass of the massive Schwinger model
by a method that is similar to mass perturbation theory. By performing a renormal-
ordering, we shall nd a new expansion parameter (instead of the fermion mass m)
that remains rather small even for large m. Therefore, the resulting chiral perturbation
expansion will produce a Schwinger mass that tends to the result of mass perturbation
theory for small fermion mass m, but remains reasonable even for large m. Finally, we
shall compare our results to some lattice data.
We use the bosonized, Euclidean version of the massive Schwinger model in the sequel,




K0(jxj); fD(p) = −1
p2 + 2
; (2)
where K0 is the McDonald function.
22 Renormal-ordered chiral perturbation theory
Our starting point is the Euclidean, bosonized Lagrangian density of the massive












Here  = e=1=2 is the Schwinger mass of the massless (m = 0) Schwinger model,  is the
vacuum angle and γ = 0:5772 is the Euler constant. Further, N denotes normal-ordering
w.r.t. .






















up to an irrelevant constant. Next, let us observe that the interaction term  cos
p
4
contains a 2 piece, too. We now want to shift this 2 piece from the interaction term
to the mass term in (5), and we want to choose the normal-ordering mass  equal to the
total mass of the resulting mass term. We nd the equation
2 = 2 + 2eγ cos  m (6)
with the solution
 = eγ cos m+
q
2 + e2γ cos2 m2: (7)
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where we have subtracted a constant (cos ) in the interaction term in order to avoid
innite vacuum energy contributions to the perturbation series. Further, we rewrote the
sine and cosine of the eld  in terms of exponentials, because the latter ones have simpler
Wick contractions (see (12) below). By this simple rewriting of the Lagrangian density
we have achieved a major advantage. A perturbative expansion of the original version
(3) of the Lagrangian is an expansion in powers of m and will, obviously, only lead to
sensible results for suciently small m. On the other hand, for the new version (8) of the










2 + e2γ cos2 m2)
; (10)
